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We study the cosmological evolution of the field equations in the context of Einstein-Aether
cosmology by including a scalar field in a spatially flat Friedmann–Lemaˆıtre–Robertson–Walker
spacetime. Our analysis is separated into two separate where a pressureless fluid source is included or
absent. In particular, we determine the critical points of the field equations and we study the stability
of the specific solutions. The limit of general relativity is fully recovered, while the dynamical system
admits de Sitter solutions which can describe the past inflationary era and the future late-time
attractor. Results for generic scalar field potentials are presented while some numerical behaviours
are given for specific potential forms.
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1. INTRODUCTION
Einstein-Aether theory is a Lorentz-violating theory in which a unitary timelike vector field, called the æther, is
introduced into the Einstein-Hilbert action [1–4]. The introduction of the timelike vector field in the action integral
is also a specific selection of preferred frame at each point in the spacetime, and so this modification spontaneously
breaks the Lorentz symmetry [5]. The gravitational field equations are of second-order and correspond to variations
of the action with respect to the metric tensor and the æther field. At this point we recall that the unitarity of the
timelike vector field is guaranteed by introducing a lagrange multiplier. The Einstein-Aether theory can describe
various cosmological phases, including those of early inflationary expansion and late dark-energy domination[6–9]. It
is important to mention here that the Einstein-Aether approach also describes the classical limit of Horˇava gravity
[10].
One of the ways to study a cosmological model is to perform a dynamical analysis by studying its critical points in
order to connect them to the different observed eras, with their respective dynamical behaviours and characteristics
[11–21]. For the Einstein-Aether cosmologies there have been several such studies [22–26, 26–28].
For Einstein-Aether cosmologies [29] provided exact solutions for specific forms of the scalar field potential in
the framework of Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) spacetime. There has been further study of the
dynamical evolution and stability of those inflationary solutions in homogeneous and isotropic Einstein-Aether cos-
mologies containing a self interacting scalar field which interacts with the aether [27]. Similar dynamical analysis
can by found in [30], where it was shown that for isotropic expansion the dynamics are independent of the aether
parameters, but this is not the case for anisotropic expansion. In all cases there is a period of slow-roll inflation at
intermediate times and, in some cases, accelerated expansion at late times.
Apart from the FLRW background scenario, there have been more wideranging studies. One such work, investigating
the dynamical equations of the Einstein-Aether theory for the cases of FLRW as well as in an locally rotationally
symmetric Bianchi Type III geometry [31]. There, it was found that the existence or the non-existence of the solutions
to the reduced equations depends on the values of combinations of the initial parameters that enter the action integral.
Results of this type have also been found elsewhere [32–34]. For other dynamical studies in the context of the Einstein-
Aether scenario we refer the reader the articles of [28, 35] [36–39].
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2The plan of this paper is as follows. In Section 2 we present the model to be studied, which is an Einstein-Aether
scalar field cosmology with spatially flat FLRW spacetime, where the scalar field lagrangian has been modified so that
the scalar field potential is non-minimally coupled to the aether field, as proposed in [1]. The dimensionless dynamical
analysis and the corresponding critical points are presented in Section 3. The absence of the matter in the action
integral implies that the dimension of the dynamical system can be either one or two, while adding a pressureless
fluid raises the dimension of the system to two or three. Furthermore, the critical points are classified into three
families. Sections 4 and 5 include the main results of the current analysis, where we present the allowed critical
points, It is interesting to mention that the case of general relativity (GR) with a minimally coupled scalar field is
fully recovered, while new critical points are found which describe either power-law or de Sitter solutions. Finally, we
draw our conclusions in Section 7.
2. EINSTEIN-AETHER COSMOLOGY
First, we consider a spatially flat FLRW spacetime with line element
ds2 = −dt2 + a2 (t) (dr2 + r2dθ2 + r2 sin2 θdφ2) , (1)
and as an aether field we consider the timelike vector field uµ = δµt . In Einstein-Aether Models the gravitational
action is given by [40]
SEA =
∫ √−gdx4 (R+ cθ
3
θ2 + cσσ
2 + cωω
2 + cαα
2
)
+ Sφ, (2)
where the action integral of the scalar field is assumed to be [1]
Sφ =
∫ √−gdx4 (1
2
gµνφ,µφ,ν − V (θ, φ)
)
. (3)
Parameters θ, σ, ω and α describe the kinematic quantities of the unitary vector field uµ, and correspond to the
volume expansion rate, shear, vorticity and fluid acceleration. Following the notations of [1] for the line element (1),
the field equations are written as (with units 8piG = c = 1)
1
3
θ2 =
1
2
φ˙2 + V − θVθ, (4)
2
3
θ˙ = −φ˙2 − θ˙Vθθ − φ˙Vθφ, (5)
φ¨+ θφ˙+ Vφ = 0. (6)
Barrow [29] previously found that for
V (φ, θ) = V0e
−λθ +
n∑
r=0
Vrθ
re
r−2
2
λφ, (7)
where V0, Vr and λ are constants, the field equations (4)-(6) admit exact power-law solutions φ (t) =
2
λ
ln t , θ (t) =
3Bt−1, i.e. a (t) ≃ tB where B = B (V0, Vr, λ). The detailed dynamical analysis of (7) was performed in [27].
In this work we consider the potential function V (φ, θ) to be
V (φ, θ) = U (φ) + Y (φ) θ, (8)
where U (φ) now denotes the scalar field potential and Y (φ) is the coupling term between the scalar and aether
fields. It is straightforward to observe that for U (φ) = U0e
−λθ and Y (φ) ≃
√
U (φ) potential (7) is recovered for
n = 1, V0 = 0.
With the aid of (8) the field equations (4)-(6) simplify to
31
3
θ2 =
1
2
φ˙2 + U (φ) , (9)
2
3
θ˙ +
1
3
θ2 = −1
2
φ˙2 + U (φ)− φ˙Y,φ, (10)
φ¨+ θφ˙+ U,φ + Y,φθ = 0. (11)
from which we can rewrite them as
Gab = Tab, (12)
where Gab is the Einstein tensor, and Tab describes the effective Einstein-Aether fluid source with the scalar field,
where in the 1 + 3 decomposition is written as
Tab = ρφuaub + pφhab, (13)
in which hab = gab + uaub is the projective tensor and ρφ and pφ are given by
ρφ =
1
2
φ˙2 + U (φ) , pφ =
1
2
φ˙2 − U (φ) + φ˙Y,φ. (14)
We observe that for this specific potential, (8), the energy density ρφ is defined as in Einstein’s GR, while in the
pressure term pφ a new part is introduced due to the coupling between the scalar field and the aether field.
If a minimally coupled matter source is introduced with energy density ρm, pressure pm, and constant parameter
for the equation of state, wm = pm/ρm, the field equations (9)-(10) are modified as follows:
1
3
θ2 =
1
2
φ˙2 + U (φ) + ρm (15)
2
3
θ˙ +
1
3
θ2 = −1
2
φ˙2 + U (φ)− φ˙Y,φ − wmρm (16)
where, for the perfect fluid ρm, the conservation law is
ρ˙m + θ (1 + wm) ρm = 0. (17)
We carry out our analysis by writing the field equations (15)-(17) in dimensionless variables by using expansion-
normalised variables.
3. DYNAMICAL SYSTEM
In this section we present the main features of the dynamical analysis by using the method of critical points. This
method is powerful because it provides information concerning the general evolution of the dynamical system. Hence,
from such an analysis the overall cosmological viability of the model can be discussed.
The new dimensionless variables are defined as follows [44]
x =
√
3
2
φ˙2
θ2
, y =
√
3U
θ2
, λ =
U,φ
U
, ξ =
√
2
Y,φ√
U
, Ωm =
3ρm
θ2
. (18)
After some calculations, the system of the field equations is written in these variables as
Ωm = 1− x2 − y2, (19)
dx
dN
= −3x(1 + J (x, y, ξ,Ωm)) − 1
2
(√
6λy + 3ξ
)
y, (20)
4dy
dN
=
√
3
2
λxy − 3yJ, (21)
dλ
dN
=
√
6xλ2(Γλ (λ)− 1), (22)
dξ
dN
=
√
3ξx
(
Γξ (ξ)− λ√
2
)
, (23)
where N = ln (a), function J (x, y, ξ,Ωm) is expressed as
2J (x, y, ξ,Ωm) = −1− x2 + y2 − ξxy − wmΩm. (24)
and
Γλ (λ) =
U,φφU
(U,φ)2
, Γξ (ξ) =
√
2
Y,φφ
Y,φ
(25)
In general, equations (19)-(23) form a three-dimensional system. Specifically, equations (22), (23) do not coexist,
because parameters λ and ξ are not independent. Locally, the condition ∂λ
∂φ
6= 0 implies that the inverse function of
λ (φ) exists so that φ = φ (λ). Hence the function ξ (φ) depends on λ; indeed, ξ = ξ (φ (λ)), so ξ = ξ (λ). In that case
the only independent variables which survive are the {x, y, λ}.
On the other hand, if locally λ = const, then dλ
dN
≡ 0, and ξ = ξ (φ); hence, the only independent variables that
survive are {x, y, ξ} , since φ = φ (ξ). Consequently, there are three large families of potentials which we will study,
that admit different dynamical systems:
Family (A) with λ = const. and ξ = cons 6 t, which corresponds to the potentials
U (φ) = U0e
λφ , Y (φ) = Y0 + Y1e
−λ
2
φ, (26)
Family (B) where U (φ) = U0e
λφ, λ = const with ξ = ξ (φ) , and
Family (C) where the potential U (φ) is different from the exponential potential and so ξ = ξ (λ) .
We observe from equation (19) that the variables x, y obey the inequalities 0 ≤ x2 + y2 ≤ 1, where in the special
case of Ωm = 0, this reduces to x
2 + y2 = 1. At this point we mention that the equation of state parameter for the
perfect fluid is now
wφ (x, y, λ, ξ,Ωm) = −1 + 2x
2 + ξxy
x2 + y2
, (27)
while the deceleration parameter is
q (x, y, λ, ξ,Ωm) = −1− 2J, (28)
and the equation of state parameter for the effective fluid is
wtot (x, y, λ, ξ,Ωm) =
1
3
(q − 1) . (29)
We continue our study with the analysis of the critical points of the system (19)-(23) for the aforementioned three
families of potentials.
4. SCALAR FIELD WITHOUT MATTER SOURCE
In this section we consider the case where the cosmic fluid does not include matter, namely Ωm = 0. In this case
our results are summarized as follows.
54.1. Family A
For the first family of potentials the constraint (19) implies that the dynamical system (20)-(21) is reduced to a
one-dimensional system. In this case we derive four critical points (xP , yP ):
a. Points A1(±) with coordinates A1(±) = (±1, 0). These points describe a universe where ρφ = pφ = φ˙2/2, hence
wφ =
pφ
ρφ
= 1. For the stability of the points we need to calculate the corresponding eigenvalues, which in this case are
given by e1
(
A1(±)
)
= 3±
√
3
2λ. Therefore, point A1(+) is stable for λ < −
√
6 while point A1(−) is stable for λ >
√
6.
b. Point A2 with coordinates A2 =
(
− 2
√
2λ+ξ
√
3(4+ξ2)−2λ2√
3(4+ξ2)
,
−√2λξ+2
√
3(4+ξ2)−2λ2√
3ξ(4+ξ2)
)
exists for{
λ < −√6 , ξ ≥
√
2(λ2−6)
3
}
or
{
λ >
√
6 , ξ ≤ −
√
2(λ2−6)
3
}
or
{−√6 ≤ λ ≤ √6 , ξ 6= 0} . The equation of
state parameter is written as
wφ (λ, ξ) = −1 + λ4λ+ ξ
√
6 (4 + ξ2)− 4λ2
3 (4 + ξ2)
. (30)
Point A2 describes an accelerated universe when wφ < − 13 ; that is, the parameters λ, ξ are con-
strained by the following conditions
{
λ < −√2 , ξ > √2 λ2−2√
3λ2−2
}
or
{
λ >
√
6
3 , 0 < ξ < −
√
2 λ
2−2√
3λ2−2
}
or{
−√2 ≤ λ ≤
√
6
3 , ξ > 0
}
or
{
λ ≥ √6 , ξ < −√2 λ2−2√
3λ2−2
}
. As far as the stability is concerned we find that
A2 is stable when
{
0 < λ ≤ √6 , ξ > 0} or {λ = √6 , ξ < 0} or {λ > √6 , ξ ≤ −√ 23 (λ2 − 6)} . More-
over, if A2 is an attractor describing cosmic acceleration, then the parameters λ, ξ obey the inequal-
ities
{
−√2 < λ ≤
√
2
3 , ξ > 0
}
or
{
λ < −√2 , 0 < ξ < √2 λ2−2√
3λ−2
}
or
{
λ ≥
√
6
3 , 0 < ξ < −
√
2 λ
2−2√
3λ−2
}
or{
λ ≥ √6 , ξ < −√2 λ2−2√
3λ−2
}
c. Point A3 =
(
−2√6λ+
√
9ξ4−6(λ2−6)ξ2
3(4+ξ2) ,
−√6ξ2λ+
√
9ξ4−6(λ2−6)ξ2
3ξ(4+ξ2)
)
exists when
{
λ < −√6 , ξ ≥
√
6 (λ2 − 6)
}
or{
λ = −√6 , ξ 6= 0} or {−√6 < λ < √6, ξ < 0} or {λ > √6 , ξ < − 13√6 (λ2 − 6)}. The parameter of the equation
of state is
wφ (λ, ξ) = −1 + λ4λ−
√
6ξ4 − 4 (λ2 − 6)
3 (4 + ξ2)
, (31)
where wφ < − 13 when
{
−√2 < λ < −
√
2
3 ,−
√
2(2−λ2)2
3λ2−2 < ξ < 0
}
or
{
−
√
2
3 ≤ λ ≤
√
2 , ξ < 0
}
or{
λ >
√
2, ξ < −
√
2(2−λ2)2
3λ2−2
}
. Point A3 describes a stable solution only for ξ < 0 and more specifically{
0 < λ <
√
6 , − ξ1 < ξ < 0
}
or
{−√6 ≤ λ ≤ √6 , ξ < 0} or {λ > √6 , ξ2 < ξ < 0}, where ξ1, ξ2 are the solutions
of the algebraic equation
8
(
6− λ2)− (120 + 50λ2) ξ2 + 75ξ4 = 0. (32)
In Fig. 1 we present the contour plots of the equation of state parameter wφ (λ, ξ) for points A2 and A3. Notice that
the stable critical points are represented by shaded regions. We observe that points with λ > 0 and ξ < 0 describe
stable accelerated solutions, while it is possible for the EoS parameter to cross the phantom line, namely wφ < −1.
4.2. Family B
We continue our analysis with the second family of critical points, namely Family B. Here the dynamical system is
formed by equations (20), (21) and (23). By including the constraint, the dimension of the system is reduced by one,
i.e. from three to two dimensions. We study the general evolution of the dynamical system by considering a general
function Γξ (ξ) [41–43].
The critical points (xp, yp, ξp) of the dynamical system are:
6FIG. 1: Region plot in the space {λ, ξ} for wφ in the case of critical points A2 and A3. The stable critical points are represented
by shaded regions. Shaded regions define the areas where the critical points are stable.
a. Points B1(±) =
(
A1(±), ξ0
)
for which ξ0 is a solution of the algebraic equation Γξ (ξ0) =
λ√
2
, or ξ0 = 0. The
points describe the same physical solution as those for A1(±), hence the existence of the critical points is given in
section 4.1, however the stability conditions change Specifically, the two eigenvalues are e1
(
B1(±)
)
= 6 ± √6λ and
e2
(
B1(±)
)
= ±√3ξ0Γ′ξ (ξ0) . Therefore, B1(+) is stable when λ < −
√
6 , ξ0Γ
′
ξ (ξ0) < 0, while B1(−) is stable as long
as λ >
√
6 , ξ0Γ
′
ξ (ξ0) > 0.
b. Point B2 = (A2 (ξ0) , ξ0) with Γξ (ξ0) =
λ√
2
. Again the properties of B2 are similar with those of A2 (see section
4.1). Concerning stability conditions B2, describes an attractor solution when ξ0Γ
′
ξ (ξ0) > 0 :
{
λ < 0 , ξ0 >
√
6
3 |λ|
}
or
{
0 < λ ≤ √6 , ξ0 > 0
}
.
c. Point B3 = (A3 (ξ0) , ξ0) with Γξ (ξ0) =
λ√
2
. The physical properties of B3 are those of point A3 (see previous
section). B3 describes a stable solution for ξ0Γ
′
ξ (ξ0) < 0 :
{−√6 < λ ≤ 0, ξ0 < 0} or {λ > 0, ξ < −√63 λ}.
d. Point B4 with coordinates B4 =
(
− λ√
6
,
√
1− λ26 , 0
)
exists for |λ| < √6. This situation describes a tracking
solution of the exponential potential with ξ = 0. The equation of state parameter reads wφ (λ, ξ) = −1 + λ23 , hence
we have acceleration when |λ| < √2. The eigenvalues of the linearized system are determined to be e1 (B4) =
−3 + λ2 , e2 (B4) = λ2
(
λ−√2Γξ (0)
)
, where e1 (B4) < 0, e2 (B4) < 0 for |λ| <
√
3, and |Γξ (0)| >
√
2
2 λ.
e. Finally, point B5 with coordinates B5 = (0, 1, ξ0) , ξ0 = −
√
2
3λ describes a de Sitter solution for which
wφ = −1. The eigenvalues of the linearized system are e1 (B5) = −
3+
√
3(3−2λ2+2
√
2λΓξ(ξ1))
2 , e1 (B5) =
− 3−
√
3(3−2λ2+2
√
2λΓξ(ξ1))
2 and thus point B5 is an attractor when
∣∣∣Γ′ξ (ξ0)∣∣∣ < λ√2 . Notice that the de Sitter solu-
tion does not exist for the exponential case in the context of the scalar field cosmology which reduces to GR.
4.2.1. Application
Consider Y (φ) = Y1e
(ν+λ2 )φ, ν 6= 0; we calculate that φ = 12 ln
(
2ξ2
Y 2
1
(2ν+λ)2
)
and Γ (ξ) =
(√
2v + λ√
2
)
.
Therefore, equation (23) is simplified to
dξ
dN
=
√
6νξx, (33)
while the possible critical points are now only points B1(±) with ξ0 = 0, B4 and B5. Points B4 and B5 are attractors
when
{|λ| < √6, νλ > 0} and {ν < 0 , 0 < λ ≤ − 32ν} ∪ {ν > 0 , − 32ν < λ ≤ 0} , respectively.
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FIG. 2: Phase space portrait in the variables {x, ξ} for the dynamical system (20), (21) and (23) and for Y (φ) =
Y1e
(ν+λ
2
)φ without a matter source. Left-hand figure is for λ = −2 and ν = 1 where we see that point B5 is the attrac-
tor of the system. \Right-hand figure is for λ = −√3 and ν = − 1
2
where the attractor is point B4 ,which describes the tracking
solution. Solid lines describe real trajectories
In Fig. 2 we present the phase space diagram for the dynamical system in the variables {x, ξ} for two sets of the
variables λ and ν. For λ = −2 and ν = 1 it is clear that the de Sitter universe B5 is an attractor while for λ = −
√
3,
ν = − 12 the unique attractor is the scaling solution B4.
In a similar way we continue with the third family of critical points that we considered.
4.3. Family C
The third family of critical points correspond to the dynamical system (20), (21) and (22) with the constraint
condition (19). Recall that in this case ξ = ξ (λ).
The critical points are:
a. Points C1(±) =
(
A1(±), λ0
)
with Γ (λ0) = 1 or λ0 = 0. The physical descriptions of the points are those of A1(±).
The eigenvalues of the linearized system are calculated to be e1
(
C1(±)
)
= 6 − √6λ0 , e2
(
C1(±)
)
= −√6λ20Γ′ (λ0) ,.
We observe that at least of one of the points C1(±) is stable only for Γ′ (λ0) > 0 and |λ0| >
√
6.
b. Point C2,3 = (A2,3, λ0) with Γ (λ0) = 1. The existence conditions and the physical description are the same
as those of A2,3 (see section 4.1). Because of the nonlinearity of the eigenvalues, the map of λ0, ξ (λ0) in which the
points are stable is presented in Fig. 3.
c. Point C4 =
(
− ξ√
4+ξ2
, 2√
4+ξ2
, λ0
)
with λ0 = 0, describes a de Sitter solution, wφ (C4) = −1, and actually
reduces to points C2, C3, with λ0 = 0 respectively. The eigenvalues of the linearized system are given by e1 (C4) =
0 , e2 (C4) = −3. Since e1 = 0 we apply the central manifold theorem in order to decide the stability and we find
that C4 is always an attractor.
d. Point C5 = (B5, λ0) with λ0 = −
√
3
2ξ is found to be stable when the following condition holds
(Γλ (0)− 1)
(
2 +
√
6ξ′ (0)
)
> 0 . The physical description of C5 is the same as that of B5.
4.3.1. Application
Let us consider U (φ) = U0φ
n and Y (φ) = Y0φ
1+ 2
n from where we calculate φ = n
λ
, ξ = Y0√
2U0
(2 + n) = const and
Γλ (λ) =
n−1
n
. Therefore, equation (22) reduces to
dλ
dN
= −
√
6
n
xλ2. (34)
8FIG. 3: Region plots for the variables {λ0, ξ (λ0)} in which points C2 and C3 have eigenvalues with negative real parts. Left-hand
figures are for Γ′λ (λ0) > 0, while right-hand figures are for Γ
′
λ (λ0) < 0.
Therefore, the critical points are C1(±), C4 and C5. As far as stability is concerned we find that points C1(±) are
always unstable and point C5 is stable only when n ≤ −2ξ2. For the latter case using various values of the free
parameters n, ξ we plot in Figs. 4 and 5 the phase space diagram {x, λ}.
5. SCALAR FIELD IN THE PRESENCE OF MATTER
In this section we include in our analysis a pressureless matter component with wm =
pm
ρm
= 0. In this case since
0 ≤ Ωm ≤ 1, the constraint equation (19) yields x2 + y2 ≤ 1. Following the lines of the previous section we study the
same family of potentials, namely A, B and C.
5.1. Family A
a. The first Point is A¯0 = (0, 0) and the arbitrary parameters λ, ξ describe a universe for which Ωm = 1, wtot = 0.
The eigenvalues of the linearized system are determined to be e1
(
A¯0
)
= − 32 , e2
(
A¯0
)
= 32 , hence the point is always
unstable.
b. Points A¯1(±) with eigenvalues e1
(
A¯1(±)
)
= 3 ±
√
3
2λ , e2
(
A¯1(±)
)
= 3, from which we infer that points A¯1(±)
are unstable points.
c. Point A¯2 with eigenvalues e1
(
A¯2
)
= −3 + 4λ
2+λ
√
6ξ4−4(λ2−6)
4+ξ2 , e2
(
A¯2
)
= −3 + 2λ
2+λ
√
6ξ4−4(λ2−6)
2(4+ξ2) de-
scribes a stable solution when
{
λ < −√3 , ξ > 2(λ
2−3)√
6λ2−9
}
or
{
−√3 ≤ λ ≤
√
6
2 , ξ > 0
}
or
{
λ >
√
6
2 , ξ <
6−2λ2√
6λ2−9
}
or
{
λ = −√6, ξ > 2
√
3
3
}
.
d. Point A¯3 with eigenvalues e1
(
A¯3
)
= −3 + 4λ
2−λ
√
6ξ4−4(λ2−6)
4+ξ2 , e2
(
A¯3
)
= −3 + 2λ
2−λ
√
6ξ4−4(λ2−6)
2(4+ξ2) describes a
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FIG. 4: Phase space portrait for in the variables {x, λ} for the dynamical system (20), (21) and (24) and for U (φ) = U0φn
and Y (φ) = Y0φ
1+ 2
n without matter source. Left figure is for n = −2 and ξ =
√
2
3
from where points C4 and C5 are attractor
of the system. Right figure is for n = −2 and ξ = −
√
2
3
where again C4 and C5 are attractor of the system. Solid lines describe
real trajectories
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1
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n=-0.1 , ξ=- 2 /3
FIG. 5: Phase space portrait for in the variables {x, λ} for the dynamical system (20), (21) and (24) and for U (φ) = U0φn
and Y (φ) = Y0φ
1+ 2
n without matter source. Left figure is for n = −0.1 and ξ =
√
2
3
while right figure is for n = −0.1 and
ξ = −
√
2
3
. It is clear that the only attractor is C4 while C5 is a source point. Solid lines describe real trajectories
stable solution when
{
λ < −
√
6
2 ,
2(λ2−3)√
6λ2−9 < ξ < 0
}
or
{
−
√
6
2 ≤ λ ≤
√
3 , ξ < 0
}
or
{
λ >
√
3 , ξ < − 2(λ
2−3)√
6λ2−9
}
or{
λ =
√
6 , ξ < − 2
√
3
3
}
.
e. Point A¯4 with coordinates A¯4 =
(
−
√
3
2
1
λ
,
√
3
2
√
λ2(4+ξ2)−λξ
2λ2
)
describes a universe where the scalar field mimics
the pressureless fluid, i.e. wφ = 0. The effective parameter is wtot = 0, where Ωm = 1− 3λ2 − 3ξ
2
4λ2 +
3
4
ξ
λ3
√
λ2 (4 + ξ2).
The point exists when
{
λ < −
√
6
2 , ξ ≤
2(λ2−3)√
6λ2−9
}
or
{√
3
2 < λ <
√
3 , ξ ≥ 2(λ
2−3)√
6λ2−9
}
or
{
λ ≥ √3 , ξ ≥ − 2(λ
2−3)√
6λ2−9
}
.
In Fig. 6 we show {λ, ξ} diagrams for where the critical points A¯2 , A¯3 and A¯4 exist and have negative eigenvalues,
namely we have stable solutions. Moreover, from Fig. 6 we observe that only one of the critical points A¯2, A¯3 and
A¯4 can be stable points of the system.
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FIG. 6: Region plots for the parameters {λ, ξ} in which the critical points A2, A3 and A4 are stable. The lower right-hand
figure shows the common regions where we observe that there is not any common intersection. Hence, there is only one possible
stable point for the dynamical system.
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0
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0.4
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0.8
1.0
λ=-2, ξ=3/2
-1.0 -0.5 0 0.5 1.0
0
0.2
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1.0
λ=2, ξ=-2
-1.0 -0.5 0 0.5 1.0
0
0.2
0.4
0.6
0.8
1.0
λ=2, ξ=1
FIG. 7: Phase space diagrams for the dynamical system (20), (21) with three different sets of the free parameters λ, ξ where
one of the critical points A¯2, A¯3 and A¯4 is stable. For (λ, ξ) =
(−2, 3
2
)
point A2 is the unique attractor; for (λ, ξ) = (2,−2)
point A¯3 is the unique attractor, while point A¯4 is an attractor for the plot with (λ, ξ) = (2, 1). Solid lines correspond to real
trajectories.
In Fig. 7 we present the phase space diagrams for the dynamical variables {x, y}, using different values of the free
parameters λ, ξ. In particular, we provide three diagrams where in each case one of the critical points A¯2, A¯3 and A¯4
is stable. The dynamical evolution of the cosmological parameters Ωm (a) and wtot (a) are demonstrated in Fig. 8 for
the real trajectories presented in Fig. 7.
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FIG. 8: Qualitative evolution of the energy density Ωm and of the parameter of the equation of state for the effective fluid for
the real trajectories presented in Fig. 7.
5.2. Family B
The critical points which correspond to family B are the following:
a. Point B¯0 =
(
A¯0, ξ
)
where ξ is arbitrary: since ξ is arbitrary, point B0 describes a line in the space {x, y, ξ}.
The physical description is that of point A0. The eigenvalues of the linearized system are determined to be e1
(
B¯0
)
=
− 32 , e2
(
B¯0
)
= 32 and e3
(
B¯0
)
= 0, from which we conclude that B0 describes an unstable solution and B0 is a source
point.
b. Points B¯1(±) with eigenvalues e1
(
B¯1(±)
)
= 3 , e2
(
B¯1(±)
)
= 3 ± √6λ , e3
(
B¯1(±)
)
= ±√3ξ0Γ′ξ (ξ0), hence the
solutions at points B1(±) are unstable.
c. Point B¯2 which is found to describe a stable solution if and only if ξ0Γ
′
ξ (ξ0) > 0. Notice that the parameters
{λ, ξ0} can be viewed in Fig. 9.
d. Point B¯3 which is found to describe a stable solution if and only if ξ0Γ
′
ξ (ξ0) < 0, while the parameters {λ, ξ0}
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FIG. 9: Region plots for the variables {λ, ξ} in which point B¯2 (left-hand figure) is an attractor and ξ0Γ′ξ (ξ0) > 0 and point
B¯3 (right-hand figure) describe a stable solution with ξ0Γ
′
ξ (ξ0) < 0.
FIG. 10: Region plots for the variables {λ, ξ} in which point B¯5 is an attractor. The blue area is for ξ0Γ′ξ (ξ0) ≥ 0 while the
grey area is for ξ0Γ
′
ξ (ξ0) ≤ 0.
are given in Fig. 9.
e. Point B¯4 with eigenvalues e1
(
B¯4
)
= −3 + λ22 , e2
(
B¯4
)
= −3 + λ2 and e3
(
B¯3
)
= λ
2
2 −
√
2λ
2 Γξ (0) .It describes a
stable power-law solution when
{
−√3 < λ < 0 , Γξ (0) < λ√2
}
or
{
0 < λ <
√
3 , Γξ (0) >
λ√
2
}
.
f. Point B¯5 describes a stable de Sitter universe when
∣∣∣Γ′ξ (ξ0)∣∣∣ < λ√2 .
g. Point B¯6 with coordinates B¯6 =
(
A¯4, ξ0
)
with ξ0 = 0 or Γξ (ξ0) = 0. Because of the nonlinearity of the
eigenvalues, the regions of the parameter space, {λ, ξ0}, for which point B¯6 is an attractor, are shown in Fig. 10.
5.3. Family C
We complete our analysis with the third family of critical points which correspond to the case where λ,φ 6= const
and ξ = ξ (λ). Using the dynamical system (20), (21), (22) we find the following critical points (xp, yp, λp):
a. Point C¯0 =
(
A¯0, λ
)
where λ is arbitrary. This point describes a line of points in the space {x, y, λ}. The
eigenvalues of the linearized system are e1
(
C¯0
)
= − 32 , e2
(
C¯0
)
= 32 and e3
(
C¯0
)
= 0, from which we infer that the
current point is a source “line”.
b. Points C¯1(±) =
(
A¯1(±), λ0
)
with λ0 = 0 or Γλ (λ0) = 1. These points are always sources, because they always
have a positive eigenvalue. Indeed, the corresponding eigenvalues are e1
(
C¯1(±)
)
= 3 , e2
(
C¯1(±)
)
= 3 +
√
3
2λ0 and
e3
(
C¯1(±)
)
=
√
6λ2Γ′λ (λ0).
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FIG. 11: Region plots for the variables {λ, ξ (λ)} in which points C¯2 and C¯3 are attractors. Left-hand figures are for Γ′λ (λ0) > 0
while right-hand figures are for Γ′λ (λ0) < 0.
c. Points C¯2,3 describes a power-law solution with Ωm
(
C¯2,3
)
= 0. Due to the nonlinearity of the eigenvalues in
Fig. 11 we present the region of the parameters {λ0, ξ (λ0)} for which C¯2,3 are stable.
d. Point C¯4 describes a de Sitter universe and the eigenvalues for the linearized system are e1
(
C¯4
)
= −3 , e2
(
C¯4
)
=
−3 and e3
(
C¯4
)
= 0. Since e3 = 0 means that we need to use central manifold theorem: it implies that C¯4 is always
a future attractor of the dynamical system.
e. Point C¯5 with eigenvalues e1
(
C¯5
)
= −3, e2,3
(
C¯5
)
= − 32
(
1±
√
1 + (Γλ (0)− 1)
(√
6
)
ξ′ − 2
)
describes a stable
de Sitter solution when
{
Γλ (0) < 1, ξ
′ >
√
2
3
}
or
{
Γλ (0) > 1, ξ
′ <
√
2
3
}
.
f. Point C¯6 =
(
A¯4, λ0
)
with λ0 = 0 or Γ (λ0) = 0, is stable when
{√
3
2 < λ , ξ >
6−2λ2√
6λ2−9
}
or{
λ <
√
6
2 , ξ <
6−2λ2√
6λ2−9
}
.
Overall, from the aforementioned analysis, we conclude that in the case of matter there are two possible de Sitter
solutions which can act as attractors for the expansion dynamics.
6. EXACT SOLUTIONS
In the above analysis we have shown that the evolution of the dimensionless dynamical system is always in a three-
dimensional phase space, and there is an extra free function which must satisfy constraints in order for the critical
point, that is, the solution at the critical point, to exist. In order to understand this more fully let us consider the
field equations (15)-(16) and assume that there is no matter source other than the scalar field, i.e. ρm = pm = 0.
From system (15)-(16) we find
U (φ) =
θ2
3
− φ˙
2
2
, Y (φ) = −2
3
θ˙
φ˙
− 3φ˙. (35)
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Assume now that θ = θ0t
−1, which describes a perfect fluid solution, and for φ = t−1 we find that
U (φ) =
φ2
2
(
2
3
θ20 − φ2
)
, Y (φ) = φ2 − 2
3
θ0. (36)
Hence, this solution is described by a point in family C. In order to study the stability of the solution we substitute
in (15)-(16) θ = θ0t
−1 + εΘ(t) , φ = t−1 + εΦ (t) for the latter potentials and the solution of the linearized system
reveals that functions Θ and Φ decay when θ0 > 3.
However, this it is not the unique power-law solution as is the case in GR. Indeed, by selecting the same expansion
rate θ = θt−1, but now φ = ln t
1
α , we find
U (φ) =
(
θ20
3
− 1
2α2
)
e−2αφ , Y (φ) =
(
2
3
αθ − 1
α
)
e−αφ, (37)
and this is a solution that is now described by a critical point of family B.
Moreover, when θ = 23 coth (θ0τ) and φ =
1
αt
we find
U (φ) =
4
27
coth2 (αθ0φ)− 1
2α2
, Y (φ) = − 8
27
αθ0
cosh (αθ0φ)
sinh3 (αθ0φ)
. (38)
In a similar way we can construct other kinds of solutions for the scalar field with the aether field and other kinds of
matter sources. For instance, the latter solution is that of GR with cosmological constant term and a perfect fluid
source.
7. CONCLUSIONS
In this paper we have performed a detailed analysis of the dynamical evolution of an Einstein-Aether scalar field
cosmology in the framework of a spatially-flat FLRW background universe, where the scalar field is coupled to the
aether field. The model that we analysed depends on two unknown functions, the first, U (φ) , corresponds to the
scalar field potential, while the second function Y (φ) defines the coupling between the scalar field and the aether
field. The Friedmann equation is the same with that of Einstein’s GR, while the Raychaudhuri acceleration equation
is modified, since the effective pressure term of the scalar field fluid differs from that in GR.
We use expansion-normalised variables to rewrite the field equations as a system of algebraic-differential equations,
which contains at most three independent variables. The possible critical points correspond to three different families
of solutions. In family A the scalar field potential is exponential U (φ) = U0e
λφ while the coupling function is given
by Y (φ) = Y0+Y1e
−λ
2
φ. Family B corresponds to the exponential potential for U (φ) , while Y (φ) is arbitrary, while
in family C the scalar field potential U (φ) is arbitrary.
When we assume there is no other fluid source in the universe, we find that family A admits four-critical points,
while families B and C admit six critical points. On the other hand, when a pressureless matter source is introduced,
the maximum number of possible critical points is increased by two for the three families. At this point it is important
to mention that family A corresponds to a specific case of the function V (φ, θ) which is determined in [29] and for
which the the field equations admit exact power-law solutions. Moreover, we found that in family B, power-law
solutions exist only when Y (φ) is approximated locally by the exponential function Y (φ) ≃ e−λ2 φ. On the other
hand, we found that for family C there is a critical point which describes a de Sitter universe as a future attractor.
Additionally, the critical points of families A and C reduce to solutions of GR when Y (φ) is constant.
Finally, in order to demonstrate the evolution of the dynamical system, we presented some phase-space diagrams
for specific cases as well as a qualitative evolution for the respective cosmological parameters. From the latter it is
clear that this specific scalar field type of cosmology approach can describe some key epochs in cosmological evolution.
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